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Abstract
In this paper, we consider the free boundary value problem (FBVP) for
one-dimensional isentropic compressible Navier-Stokes equations (CNS) with
density-dependent viscosity coeﬃcient and constant exterior pressure. Under certain
assumptions imposed on the initial data, the global existence and uniqueness of a
strong solution to FBVP for CNS are established, in particular, the strong solution
tends pointwise to a non-vacuum equilibrium state at an exponential time-rate as the
time tends to inﬁnity.
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1 Introduction
In the present paper, we consider the free boundary value problem to one-dimensional
isentropic compressible Navier-Stokes equations with density-dependent viscosity coef-
ﬁcient for regular initial data in the case that across the free surface the stress tensor is
balanced by constant exterior pressure. In general, one-dimensional isentropic compress-
ible Navier-Stokes equations with density-dependent viscosity coeﬃcient can be written
as {
ρt + (ρu)x = ,
(ρu)t + (ρu + P(ρ))x = (μ(ρ)ux)x, (x, t) ∈ R× [,T], (.)
where ρ > , u and P(ρ) = ργ (γ > ) stand for the ﬂow density, velocity and pressure,
respectively, and the viscosity coeﬃcient is μ(ρ) = ρα with α > . Note here that the case
γ =  and α =  in (.) corresponds to the viscous Saint-Venant system for shallow water.
Recently, there have been much signiﬁcant progress achieved on the compressible
Navier-Stokes equations with density-dependent viscosity coeﬃcients. For instance, the
mathematical derivations are obtained in the simulation of ﬂow surface in shallow region
[, ]. The existence of solutions for the D shallow water equations is investigated by
Bresch and Desjardins [, ]. The well-posedness of solutions to the free boundary value
problemwith initial ﬁnitemass and the ﬂow density being connected with the inﬁnite vac-
uum either continuously or via jump discontinuity is considered by many authors; refer
to [–] and the references therein. The global existence of classical solutions is shown
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by Mellet and Vasseur []. The qualitative behaviors of global solutions and dynamical
asymptotics of vacuum states are also made, such as the ﬁnite time vanishing of ﬁnite
vacuum or the asymptotical formation of vacuum in large time, the dynamical behaviors
of vacuum boundary, the large time convergence to rarefaction wave with vacuum, and
the stability of shock proﬁle with large shock strength; refer to [–] and the references
therein.
In addition, some important progress has been made about free boundary value prob-
lems for multi-dimensional compressible viscous Navier-Stokes equations with constant
viscosity coeﬃcients for either barotropic or heat-conducive ﬂuids by many authors; for
example, in the case that across the free surface stress tensor is balanced by a constant exte-
rior pressure and/or the surface tension, classical solutions with strictly positive densities
in the ﬂuid regions to FBVP for CNS (.) with constant viscosity coeﬃcients are proved
locally in time for either barotropic ﬂows [–] or heat-conductive ﬂows [–]. In
the case that across the free surface the stress tensor is balanced by exterior pressure [],
surface tension [], or both exterior pressure and surface tension [], respectively, as
the initial data is assumed to be near to a non-vacuum equilibrium state, the global exis-
tence of classical solutions with small amplitude and positive densities in ﬂuid region to
the FBVP for CNS (.) with constant viscosity coeﬃcients is obtained. The global exis-
tence of classical solutions to FBVP for compressible viscous and heat-conductive ﬂuids
is also established with the stress tensor balanced by the exterior pressure and/or surface
tension across the free surface; refer to [, ] and the references therein.
In this paper, we consider the free boundary value problem (FBVP) for one-dimensional
isentropic compressible Navier-Stokes equations with density-dependent viscosity coeﬃ-
cient and constant exterior pressure, and we focus on the existence, regularities and dy-
namical behaviors of a global strong solution, etc.As γ >  we show that the free boundary
value problemwith regular initial data admits a unique global strong solution which tends
pointwise to a non-vacuum equilibrium state at an exponential time-rate as the time tends
to inﬁnity (refer to Theorem . for details).
The rest of the paper is arranged as follows. In Section , the main results about the
existence and dynamical behaviors of a global strong solution to FBVP with two diﬀerent
initial data for compressible Navier-Stokes equations are stated. Then, some important
a priori estimates are given in Section  and the theorem is proven in Section .
2 Main results
Weare interested in the global existence and dynamics of the free boundary value problem
for (.) with the following initial data and boundary conditions:
{
(ρ,u)(x, ) = (ρ,u), x ∈ [a,b],
(ργ – ραux)(a(t), t) = pe, (ργ – ραux)(b(t), t) = pe, t > ,
(.)
where x = a(t) and x = b(t) are the free boundaries deﬁned by
{
d
dt a(t) = u(a(t), t), a() = a,
d
dt b(t) = u(b(t), t), b() = b, t > ,
(.)
and the positive constant pe is the exterior pressure.
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Firstly, we consider the initial data satisfying
⎧⎪⎨⎪⎩
inf[a,b] ρ ≥ ρ > , (ρ,u) ∈W ,∞([a,b]),
(ργ – ραux)(a) = ρ¯γ , (ρ
γ
 – ραux)(b) = ρ¯γ ,
|ρα (a) – ρ¯α| ≤ δ, |ρα (b) – ρ¯α| ≤ δ,
(.)
where ρ and δ >  are positive constants, δ is bounded, and we also consider the other
initial data satisfying
⎧⎪⎨⎪⎩
inf[a,b] ρ ≥ ρ > , (ρ,u) ∈W ,∞([a,b]),
(ργ – ραux)(a) = ρ¯γ , (ρ
γ
 – ραux)(b) = ρ¯γ ,
ρ(b)≥ ρ(a)≥ ρ¯,
(.)
note that the compatibility conditions between the initial data and boundary conditions
hold. Then we have the global existence and time-asymptotical behavior of a strong solu-
tion as follows.
Theorem . (FBVP) Let γ > . Assume that the initial data satisﬁes (.) for  < α ≤  ,




 (E + E)

 ≤ ν(α – ) ρ¯
γ+α–
 (.)




















 ≤ ν(α – ) ρ¯
γ+α–
 (.)
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for  < α ≤ γ , where ν is a positive constant. Then there exists a unique global strong solu-
tion (ρ,u,a,b) to FBVP (.) and (.) satisfying, for T > ,⎧⎪⎨⎪⎩
c≤ ρ ∈ L∞(,T ;H([a(t),b(t)]))∩C([a(t),b(t)]× [,T]),
u ∈ L∞(,T ;H([a(t),b(t)]))∩ L(,T ;H([a(t),b(t)])),
a(t),b(t) ∈H([,T]), (ργ – ραux) ∈ L∞(,T ;L([a(t),b(t)])),
(.)
with c >  being a constant independent of time.
If it further holds that u ∈H([a,b]), then (ρ,u,a,b) satisﬁes⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
(ρ,u) ∈ C([a(t),b(t)]× [,T]),
ρ ∈ L∞(,T ;H([,a(t)])), ρt ∈ L∞(,T ;L([a(t),b(t)])),
u ∈ L∞(,T ;H([a(t),b(t)]))∩ L(,T ;H([a(t),b(t)])),
ut ∈ L∞(,T ;L([a(t),b(t)]))∩ L(,T ;H([a(t),b(t)])),
a(t),b(t) ∈H([,T]), (ργ – ραux) ∈ C([,T]× ([a(t),b(t)])).
(.)
The solution (ρ,u) tends to the non-vacuum equilibrium state exponentially∥∥(ρ – ρ¯,u)(·, t)∥∥L∞([a(t),b(t)]) ≤ Ce–Ct , t > , (.)
where C and C are positive constants independent of time.
Remark . Theorem . holds for the one-dimensional Saint-Venant model for shallow
water, i.e., γ = , α = .
Remark . The initial constraints (.) and (.) do not always require that the pertur-
bation of the initial data around the equilibrium state (ρ¯, ) is small. Indeed, it can be large
provided that the state ρ¯ >  is large enough.
3 The a priori estimates
It is convenient to make use of the Lagrange coordinates in order to establish the a priori




ρ(y, t)dy, τ = t. (.)
Since the conservation of total mass holds, the boundaries x = a(t) and x = b(t) are trans-
formed into ξ =  and ξ = , respectively, and the domain [a(t),b(t)] is transformed into
[, ]. FBVP (.) and (.) is reformulated into⎧⎪⎪⎪⎨⎪⎪⎪⎩
ρτ + ρuξ = ,
uτ + (ργ )ξ = (ρ+αuξ )ξ ,
(ρ,u) = (ρ,u)(ξ ), ξ ∈ [, ],
(ργ – ρ+αuξ )(, τ ) = ρ¯γ , (ργ – ρ+αuξ )(, τ ) = ρ¯γ , τ ∈ [,T],
(.)
where the initial data satisﬁes⎧⎪⎨⎪⎩
inf[,] ρ ≥ ρ > , (ρ,u) ∈W ,∞([, ]),
(ργ – ρ+α ux)() = ρ¯γ , (ρ
γ
 – ρ+α ux)() = ρ¯γ ,
|ρα () – ρ¯α| ≤ δ, |ρα () – ρ¯α| ≤ δ
(.)
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or ⎧⎪⎨⎪⎩
inf[,] ρ ≥ ρ > , (ρ,u) ∈W ,∞([, ]),
(ργ – ρ+α ux)() = ρ¯γ , (ρ
γ
 – ρ+α ux)() = ρ¯γ ,
ρ()≥ ρ()≥ ρ¯,
(.)
and the consistencies between the initial data and boundary conditions hold.
Next, we deduce the a priori estimates for the solution (ρ,u) to FBVP (.).
Lemma . Let T > .Under the assumptions of Theorem ., it holds for any strong solu-



















ρ+αuξ dξ ds = E, τ ∈ [,T]. (.)







































which leads to (.) after the integration with respect to τ ∈ [,T]. 
Lemma . Let T > .Under the assumptions of Theorem ., it holds for any strong solu-




























ργ+α–ρξ dξ ds≤ E, τ ∈ [,T]. (.)




























ργ+α–ρξ dξ ds +
(














ργ (, s) – ρ¯γ
)
b(s) – ργ–α(, s)
(















 () – ρ¯γ
)
a, τ ∈ [,T], (.)
where a(τ ) satisﬁes a′(τ ) = u(, τ ) and a() = a, b(τ ) satisﬁes b′(τ ) = u(, τ ) and b() = b.
Lian and Liu Boundary Value Problems 2014, 2014:93 Page 6 of 15
http://www.boundaryvalueproblems.com/content/2014/1/93































































ργ (, τ ) – ρ¯γ
)
u(, τ ) –
(





Next, we prove (.) in the case that the initial data satisﬁes (.) ﬁrstly, to obtain (.).
We assume a priori that there are constants ρ± >  so that
 < ρ– ≤ ρ(ξ , τ ), ρ¯ ≤ ρ+, (ξ , τ ) ∈ [, ]× [,T],T > . (.)
By means of (.) and the boundary condition, we have
(









ρα(, τ ) – ρ¯α =
(






ρα (,s)–ρ¯α ds. (.)




ργ (, τ ) – ρ¯γ




It holds from (.), (.), (.) and (.) that∣∣∣∣∫ τ

(




















∣∣ρα () – ρ¯α∣∣e– γα ργ–α– s(ρ(γ–α)+ + ∫ 







≤ Ĉ∣∣ρα () – ρ¯α∣∣(ρα–γ– ρ(γ–α)+ + ρα–γ– + ρ–(+α)– )≤ E, (.)
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where Ĉ is a positive constant independent of time, and we assume that
∣∣ρα () – ρ¯α∣∣≤ min{ργ–α– ρ(α–γ )+Ĉ E, ργ–α–Ĉ E, ρ+α–Ĉ E
}
:= δ. (.)








From (.), (.) and (.), we have (.).






































































































ργ (, s) – ρ¯γ
)
a(s)ds. (.)
Applying equation (.) and the boundary condition, we have that
(









ρα(, τ ) – ρα(, τ ) =
(






ρα (,s)–ρα (,s) ds ≥ , (.)
which together with
ρα(, τ ) – ρ¯α =
(






ρα (,s)–ρ¯α ds ≥ , (.)
ρα(, τ ) – ρ¯α =
(






ρα (,s)–ρ¯α ds ≥  (.)
and




ρ(ζ , τ ) dζ >  (.)
gives rise to (.). 
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Lemma . Let T > . Under the assumptions of Theorem ., it holds
 < ρ∗ ≤ ρ(ξ , τ )≤ ρ∗, (ξ , τ ) ∈ [, ]× [,T],T > , (.)
















ϕ(η)  ηα– dη. (.)
It is easy to verify that ϕ(ρ)≥  and ψ ′(ρ)≥ . In addition, it holds as ρ → +∞ that
lim

































 (ρα–  – ρ¯α–  ), α =  ,
limρ→ ρ¯
γ
 (lnρ – ln ρ¯), α = 
→
{
–∞,  < α ≤  ,
– α– ρ¯
γ+α–
 , α >  .
(.)
As the initial data satisﬁes (.), it follows from (.) and (.) that




≤ C˜∣∣ρα(, τ ) – ρ¯α∣∣ + ∣∣∣∣∫ 

ϕ(ρ)  ρα–ρξ dξ
∣∣∣∣






















 (E + E)

 , (.)
where C˜ and ν are positive constants independent of time, and we assume that
∣∣ρα () – ρ¯α∣∣≤ min{ C˜ν E  (E + E)  , δ
}
:= δ. (.)
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 (E + E)

 ≤ ν(α – ) ρ¯
γ+α–
 , (.)
we can ﬁnd that there are two positive constants ρ∗ and ρ∗ independent of time and choose
ρ– =
ρ∗
 , ρ+ = ρ
∗, (.)
such that
 < ρ– < ρ∗ ≤ ρ(ξ , τ )≤ ρ∗ < ρ+, (ξ , τ ) ∈ [, ]× [,T],T > . (.)
As the initial data satisﬁes (.), it follows from (.) and (.) that
∣∣ψ(ρ(ξ , τ ))∣∣ ≤ ∣∣∣∣∫ 

ψ(ρ)dξ







ϕ(ρ)  ρα dξ
∣∣∣∣ + ∣∣∣∣∫ 









































































where ν is a positive constant independent of time, and we use the fact that
∥∥ρα(ξ , τ )∥∥L ≤ ∥∥ρα(ξ , τ )∥∥L∞ ≤ C∥∥ρα(ξ , τ )∥∥L∥∥(ρα)ξ (ξ , τ )∥∥L , (.)
which together with Young’s inequality gives
∥∥ρα(ξ , τ )∥∥L ≤ C∥∥(ρα)ξ (ξ , τ )∥∥L , (.)
where C is a positive constant independent of time. As  < α ≤  and as  < α ≤ γ , by




















 ≤ ν(α – ) ρ¯
γ+α–
 , (.)
we can obtain two positive constants ρ∗ and ρ∗ independent of time such that
 < ρ∗ ≤ ρ(ξ , τ )≤ ρ∗, (ξ , τ ) ∈ [, ]× [,T],T > . (.)
The proof of this lemma is completed. 
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We also have the regularity estimates for the solution (ρ,u) to FBVP (.) as follows.
Lemma . Let T > .Under the assumptions of Theorem ., it holds for any strong solu-
tion (ρ,u) to FBVP (.) that
⎧⎪⎨⎪⎩
ρ ∈ L∞(,T ;H([, ]))∩C([, ]× [,T]),
u ∈ L∞(,T ;H([, ]))∩ L(,T ;H([, ])),
a(τ ),b(τ ) ∈H([,T]), (ργ – ρ+αuξ ) ∈ L∞(,T ;L([, ])).
(.)






then the strong solution (ρ,u) has the regularities
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
(ρ,u) ∈ C([, ]× [,T]),
ρ ∈ L∞(,T ;H([, ])), ρτ ∈ L∞(,T ;L([, ])),
u ∈ L∞(,T ;H([, ]))∩ L(,T ;H([, ])),
uτ ∈ L∞(,T ;L([, ]))∩ L(,T ;H([, ])),
a(τ ),b(τ ) ∈H([,T]), (ργ – ρ+αuξ ) ∈ C([,T]× ([, ])).
(.)
Proof Multiplying (.) by ρ–(+α)uτ , integrating the result over [, ] and making use of




















γ – ( + α)
]∫ 











ρ–(+α)ρξuτ dξ + ( + α)
∫ 

ρ–ρξuξuτ dξ . (.)

























ρξ uξ dξ ds, (.)
































uξ dξ ds. (.)
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us dξ ds≤ C, (.)












uξξ dξ dτ ≤ C. (.)












Taking product between (.) and uτ , integrating the results over [, ] and using the





















uξτ dξ . (.)












































ρ+αuξ dξ . (.)






























uξ dξ . (.)










uξ s dξ ds
≤ C +C sup
τ∈[,T]
‖uξ‖L∞
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≤ C + 
∫ 













uξτ dξ dτ ≤ C, (.)
which implies (ργ – ρ+αuξ ) ∈ L∞(,T ;H([, ])), and it follows from the deﬁnition of
a′(τ ) = u(, τ ) and b′(τ ) = u(, τ ) that a(τ ),b(τ ) ∈ H([,T]). The proof of this lemma is
completed. 
Finally, we give the large time behaviors of the strong solution as follows.
Lemma . Let T > .Under the assumptions of Theorem ., it holds for any strong solu-
tion (ρ,u) to FBVP (.) that
∥∥(ρ – ρ¯,u)(·, τ )∥∥L∞([,]) ≤ Ce–Cτ , τ > , (.)
where C and C denote two positive constants independent of time.
















































≤ –((ργ (, τ ) – ρ¯γ )u(, τ ) – (ργ (, τ ) – ρ¯γ )u(, τ )). (.)

















(ρ – ρ¯) dξ ≤ C
∫ 

ρξ dξ , (.)∫ 

u dξ ≤ C
∫ 

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As the initial data satisﬁes (.), we have
∣∣(ργ (, τ ) – ρ¯γ )u(, τ )∣∣ + ∣∣(ργ (, τ ) – ρ¯γ )u(, τ )∣∣≤ Ce–Cτ , (.)
whereC andC are positive constants independent of time. By (.)-(.), a complicated
computation gives rise to
d
dτ E(τ ) +CE(τ )≤ Ce
–Cτ , (.)
where C < C is a positive constant independent of time. From (.), we have
E(τ )≤ E()e–Cτ +Ce–Cτ
∫ τ

e–(C–C)s ds≤ Ce–Cτ . (.)
As the initial data satisﬁes (.), from (.)-(.), we obtain
ρ(, τ )≥ ρ(, τ )≥ ρ¯ > , (.)
which implies that the domain (b(τ ) – a(τ )) expands as t grows up, so that we have
b′(τ ) – a′(τ ) = u(, τ ) – u(, τ )≥ . (.)
Then it holds from (.) and (.) that
(
ργ (, τ ) – ρ¯γ
)
u(, τ ) –
(
ργ (, τ ) – ρ¯γ
)
u(, τ )≥ . (.)
Using (.), after a complicated computation, we have
d
dτ E(τ ) +CE(τ )≤ , (.)
where C is a positive constant independent of time, and we have
E(τ )≤ E()e–Cτ ≤ Ce–Cτ , (.)
where C is a positive constant independent of time.
By the fact
E(τ )≥ c(∥∥(ρ – ρ¯,u)∥∥L([,]) + ∥∥(ρα)ξ∥∥L([,])), (.)
where c >  is a constant independent of time, and the Gagliardo-Nirenberg-Sobolev in-
equality
∥∥(ρ – ρ¯,u)∥∥L∞([,]) ≤ ∥∥(ρ – ρ¯,u)∥∥ L([,])∥∥(ρ – ρ¯,u)ξ∥∥ L([,]), (.)
we can deduce (.). 
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4 Proof of themain results
Proof The global existence of a unique strong solution to FBVP (.) and (.) can be es-
tablished in terms of the short time existence carried out as in [], the uniform a priori
estimates and the analysis of regularities, which indeed follow from Lemmas .-.. We
omit the details. The large time behaviors follow from Lemma . directly. The proof of
Theorem . is completed. 
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